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^>>^ , Abstract. A version of quantum orbit method is presented for real forms of 

1 equal rank of quantum complex simple groups. A quantum moment map is 

constructed, based on the canonical isomorphism between a quantum Heisen- 
berg algebra and an algebra of functions on a family of quantum G-spaces. 
For the series A, we construct some irreducible ^-representations of UqQ which 
^ ■ correspond to the semi-simple dressing orbits of minimal dimension in the 

' dual Poisson Lie group. It is shown that some complimentary series represen- 

tations correspond to some quantum 'tunnel' G-spaces which do not have a 
^ quasi-classical analog. 

> , 

^ , 1. Introduction 

(N 

■ This articles lies on the intersection of two areas of mathematics. One is based 
OO I on the tradition of the orbit method, pioneered by A. Kirilov and B. Kostant, to 

realize the unitary irreducible representations of Lie groups geometrically in certain 
bundles on the orbits of the coadjoint action. And the other one is the legacy of 
the V. Drinfeld's approach to quantum groups, which teaches us to look at the Lie 
groups as quasi-classical analogs of their quantum counterparts. 

■ An important observation that has given rise to various attempts to develop 
a quantum analog of the classical orbit method is that the coadjoint action is 
actually a special case of the dressing action of Poisson Lie groups. Namely, if G is 
a Poisson Lie group with the trivial Poisson structure, the dual Poisson Lie group 
is isomorphic to the space UqQ*, dual to its Lie algebra, which is considered as 

5h ' an Abelian Lie group with the Poisson structure defined in terms of the Kirillov- 

Kostant bracket. 

Thus, one can look at the coadjoint action as a part of a more general picture. 
In particular, if the Poisson Lie group structure arises in the quasi-classical limit 
from a quantum group, we can rise a question on a geometric realization of the 
irreducible ^-representations of the quantum universal enveloping algebra in a way 
similar to how the classical orbit method works. It is especially intriguing, for the 
classical orbit method doesn't allow to realize all representations. For example, 
already in the case of SU{1, 1) the complimentary series representations cannot be 
realized in the classical case. 

The quantum analog of the dressing action is based on the fundamental princi- 
ple of the Drinfeld's duality. Namely, the same quantum algebra, say, the quantum 
universal enveloping algebra, has two quasi-calssical limits. One being the classical 
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universal enveloping algebra UqUqQ, and the other one being the appropriate alge- 
bra of functions on the dual Poisson Lie group G* . A surprising manifestation of 
this phenomenon is that the quantum analog of the dressing action becomes the 
quantum adjoint action of our quantum algebra on itself, if we assume that the 
copy of UqUqQ that serves as the space of representation becomes the algebra of 
functions on G* in the limit, while the copy that acts on it becomes the enveloping 
algebra instead. 

As another manifestation of this duality, we construct a family of quantum 
Heisenberg algebras which can be considered, at the same time, as a family of 
quantum algebras of functions on the generalized flag manifolds for G. The usual 
morphism from UqUqQ to such quantum Heisenberg algebra, whose quasi-classical 
analog accounts for the realization of the elements of UUqQ in terms of the differen- 
tial operators, becomes, when considered as a morphism from the quantum algebra 
of functions on G* into a quantum algebra of functions on a G-space, a quantum 
analog of the corresponding moment map. 

In this paper we proceed to introduce quantum analogs of polarizations on the 
quantum G-spaces that arise from our construction. And eventually, we provide a 
geometric realization of some series of the irreducible ^-representations on UqUqQ. 
Namely, for the series A, the representations corresponding to the minimal non-zero 
dimension orbits of the dressing action are realized geometrically. 

It is worthy to note that in a hallmark example of the quantum group SU{1, 1) 
all irreducible *-representations are realized that way, including the complimentary 
and "strange" series representations, the latter being specific for the quantum case. 
In particular, the quantum G-spaces that account for the complimentary series 
representations have a peculiar nature that we describe informally as a 'tunnel' G- 
space. In the case of SU (1, 1) they are quantum analogs of two-sheet hyperboloids, 
but they behave as if they were connected. So that the quantum Haar measure 
(the invariant integral on the quantum algebra of functions), when restricted to the 
subalgebra of spherical functions, has a geometric progression for the support that 
'jumps' over the gap between the two 'sheets'. 

2. Quantum Heisenberg Algebras 

Throughout the paper we suppose that q is real, < |g| < 1. 

Suppose that G is a finite-dimensional complex simple Poisson Lie group, g its 
Lie bialgebra, and UqQ the corresponding quantized universal enveloping algebra 
(cf. ^, H). Let be a finite-dimensional simple C/qg-module, and V* the dual 
UqQ-module defined by 

= {(p,S{£,)v), 

where ^ G UqQ, v & V, ip & V* , and S is the antipode in UqQ. Then, we can define 
a quantum Heisenberg algebra Ti.g(V) as follows. 

Let R be the quantum i?-matrix acting in {V g^^^ _ pj^ where 

P : (F©F*)®^ (F©F*)®^ is the usual permutation operator a>gib ^ b>g)a. As 
is well known, the operator R is invertible and diagonalizable, has real spectrum 
and commutes with the action of UqQ. 

Consider the algebra C[Vk]5 which is the quotient of the tensor algebra 

T{V ®V*)^C®{V® V*) ®{V® © . . . 
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over the two-sided ideal J{W) generated by the span W C {V (B V*)^^ of eigen- 
vectors of R with negative eigen- values. 

The tensor algebra T{V ® V*) has a canonical UqQ-module algebra structure, 
which means that the canonical UqQ-modnle structure defined by the action of UqQ 
on y © V* is compatible with the algebra structure so that the multiplication map 
T(y ®V*)'S)T{V ®V*) ^T{V ®V*) is & morphism of ;7,fl-modules. 

Since R commutes with the UqQ-action, the two-sided ideal J is a C/g0-submodule. 
This follows that C[V]R]q has a canonical UqQ-module algebra structure as well. Note 
that C[VR]g can be thought of as a quantum analogue of the algebra of polynomial 
functions on the G-space V(BV*, the subalgebra generated by V* (resp. V) playing 
the role of the algebra of holomorphic (resp. anti-holomorphic) polynomials. 

In the classical case this algebra has a canonical central extension given by 

ah — ba — (a, h)C, 

where C is the central element, and ( , } is the canonical bilinear form on © T^* - 
it is the natural pairing between V and V* and zero on both V and V* . The result 
is known as the Heisenberg algebra. The quantum analogue is described below. 

Consider the subspace / of C/g0-invariant elements \nV ^V* ®V* ®V (that is, 
the elements v such that = £{^)v for any ^ G UqQ, where e is the counit). It is 
obviously two-dimensional, one generator m. V (i) V* and another one in V* ® V . 
Since R commutes with the action of UqQ, I is invariant with respect to R. Since R 
permutes V ®V* and V* ® V, it must have two distinct eigen- values in /. From the 
other side, it is easy to see that R^\j must be a constant, so that the eigen-values 
must be of opposite sign. Thus, we have proved the following proposition. 

Proposition 2.1. The vector space Iq = I nW is one- dimensional. 

Note that the L^^g-module W is completely reducible, so that there is a unique 
[/g0-submodule WqCW such that W = Wo® Iq- Let J(Wo) CT{V® V*) be the 
two-sided ideal generated by Wq- 

Definition 2.1. The C/,0-module algehraH^iV) = T{V ®V*)/ J{Wo) is called the 
quantum Heisenberg algebra corresponding to g and V. The following diagram is 
exact, where C is the image of a generator of Iq and p is the quotient map: 

^ c[c] ^ n.iv) ^ c[VM]q ^ 0. 

Remark 1. The above definition first appeared in my preprint [Q. Later we will 
observe how it is related to the quantum Weyl algebra introduced in Q . 

Example 2.1. Suppose that g = s[(n -I- 1) equipped with the so-called standard 
Lie bialgebra structure. It is defined by the Manin triple (g © g, g, n+ © () © n_), 
where g is embedded into g © g as the diagonal, n+ as (n+,0), n_ as (0,n_), f) 
as {(a,— a) | a £ f)}. Here f) is the Cartan subalgebra of diagonal matrices, and 
b+ (resp. b_) the nilpotent subalgebra of nilpotent upper- (resp. lower-) triagonal 
matrices. 
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Recall that UqSl{n + 1) is generated by Ei, Fi,Ki, ^ , i = 1,2, . . . ,n with the 
relations 

E,E, = E,E„ {\i ~ j\ > 1), F,Fj = F,F,, i\i - j\ > 1), 

EfE^+i -{q + q-^) E,E,+iE, + E,+iEj = 0, 

F^F,+i -{q + F,F,+iF, + F,+iFf = 0, 

where an — 2, ai^i±i — —1, and ay = otherwise. 

The Hopf algebra structure on Uq5i{n + 1) is given by 

A{Ei) = ® 1 + Kr^ (g) E^, A{E) ^ Fi®Ki + l®F„ 

S{Ei}^^K,E,, S{Fi)^-F,Kr\ S{Ki) ^ K-\ 

e{Ei)^0, e(FO = 0, = 1, 

where A is the comultiplication, S the antipode, and s the counit. 

Let V be the finite-dimensional simple Uq5l{n + l)-module corresponding to 
the first fundamental weight uji (that is, the defining representation). The algebra 
C[Vk]q in this case is generated hy zo, zi, . . . , Zn and zq, zi, . . . , Zn with the relations 

(cf. i) 

ZtZj = qZjZt, (i < j), ZiZj = q~^ZjZi, {i < j), 

z^Zj = qzjz^, {i 7^ j), ZiZ^ - ZiZ^ = {q^^ - 1) J2k>i ^kZk- 

Here zq, zi, . . . , z„ and zq, zi, . . . , Zn are nothing but the projections of the vectors 
of the dual canonical bases of V and V* respectively. 

This means that the action of UqSl{n + 1) on C[14R]g is given by 

Ei : Zj SijZj^i, Zj i-^ -Si-ijq^^Zj+i, (2.1) 
Fi : Zj ^ Si^i^jZj+i, Zj ^ -Sijqzj^i, (2.2) 

ifj = i-l, {qzi-i if j = i - 1, 

qzi if j = i, , Zj^ I q~^Zi if j = i, (2.3) 

Zj if otherwise, \zj if otherwise. 

In this case the subspace Iq is spanned by 

n n 

^ Zfe (g) 4 - ^ q^'^^Zk ® Zfc. 
fc=0 /c=0 

The quantum Heisenberg algebra Tig {V) is generated hy zq, zi, . . . , z^, zq, zi, . . . , 
Zn and C with the relations (cf. ||^) 

z,zj = qzjz^, {i < j), z,Zj = q^^ZjZi, {i < j), 

z^Zj = qzjz^, {i ^ j), ZiZ^ - ZiZi = C + {q^^ - l) J2k>i ^kZk, 

ZiC = q^Czi, ZiC ^ q^'^Czi. 



The action of Uq5\.{n + 1) on U^iV) is given by (^- (|2J) and by 
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for any ^ £ UqSl{n + 1) (i.e., C is a Uq5l{ji + l)-invariant element). 

Now suppose that is a compact real form of g, which is unique up to an inner 
automorphism. Then, there is an antilinear involutive automorphism uj oi g such 
that 

0c = {a e I i^{a) = a}. 

As is well known, there is a quantization of 0^ in the from of a Hopf *-algebra 
Uqgc — [Uqg, b), where b is an antilinear involutive algebra anti-automorphism and 
coalgebra automorphism such that 

is an involution (thus, an antilinear involutive algebra automorphism and coalgebra 
anti-automorphism). Then, any finite-dimensional [/g0- module - in particular, our 
module V - has a Hilbert space structure which makes the action of Uqgc into a 
^-representation. Let t : V — > V* be the antilinear isomorphism of vector spaces 
induced by the scalar product on V. The following proposition is rather obvious. 

Proposition 2.2. The map l ; V — > V* can he uniquely extended to an antilinear 
involutive anti- automorphism jj of 7ig{V) such that = C. Then, the ^-algebra 
'^aA^) — ('^B(^)'tt) ''5 Uqgc-module ^-algebra, which means that for any ^ G 
Uqgcf e HgAV) one has 

(The definition of 2l-module t-algebra - where 21 is a Hopf *-algebra - can be 
found in §,g,|.) 

Now suppose that Uqgo is a Hopf *-algebra {Uqg, t]) which is a quantization of a 
non-split real form 0o of equipped with a standard Lie bialgebra structure given 
by the Manin triple 

(0,0o,n+ ® zf)o), 

where f)o = f) H 0o (it depends, of course, on the choice of the maximal nilpotent 
subalgebra n+). Let 

be the corresponding antilinear involutive algebra automorphism and coalgebra 
anti- automorphism on Uqg^. 

Proposition 2.3. There exists a unique antilinear involutive anti- automorphism * 
ofTi.g{V) such thatT-iggiy) = ('Hg(y),*) is a Uqg^-module ^-algebra, which means 
that for any ^ € J7q0o, / £ '^flo(^)' '"^^ ^'^^ 

Proof. The composition r = loqlUc is a linear Hopf algebra automorphism of Uqg. 
Then, there exists an operator t : V ^ V such that 

(roif) - r'mif) 

for any e Uqg, f £ V. The [/g0o-module *-algebra structure on Hg,g{V) is given 

by 

/* = t(/«) for any f e V, C*=C. 
The uniqueness is obvious. □ 
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Example 2.2. Within the framework of Example 2.1 we have that the compact 



real form of Uq5l{n + 1) is Uq5u{n + 1) = {UqSl{n + 1), b), where b is given by 

The J7qSu(n + l)-module *-algebra structure on TL^^V) = ('Wg(V), ft) is given by 

Consider the real forms C/qSu(t) = {UqB\{n + 1), [\) of UqSl{n + 1) parameterized 
by a sequence t = (tg, ti, ■ • ■ , in), where Li = ±1. These are given by 

They are quantizations of different Lie bilagebra structures on go — su(to, rt+1— to), 
where m is the number of instances when bi = \ and n + 1 — to is the number of 
instances when ij = —1. 

Then, the J7gSu(/.)-module *-algebra structure on 7ig(,(y) = *) is given 

by 

z*^iA, C*^C. (2.4) 

Remark 2. We will be particularly interested in the case when l = (—1,1). We 
denote C/gSu(-l, 1) by UqSu{l, 1), Hg^iV) by H, Ei by E, Fi by F, and Ki by K. 

3. Quantum Generalized Flag Manifolds 

In this section we establish the connection between the quantum Heisenberg 
algebras and some quantum G-spaces. From now on we use a shorter notation H, 
for n,{V). 



Recall a construction described in |13 . Given a finite-dimensional simple UqQ- 
nodulc V = L{A) with the highest weight A, we define a multiplication on 

oo 

C[Ov]+ ^^L{kA) 

as follows. Given a G L{kK) and h G L{mA), we take the projection oi a (E) b on 
L{{k + to)A) C L{kA) (E> L{mA) as the product of a and h (note that it is correctly 
defined, as the multiplicity of L{{k + to)A) in L{kA) L(toA) is equal to 1). It is 
easy to see that it defines, in fact, a C/gg-module algebra structure on €[0^] + . 
Define similarly a [/gg-module algebra by applying the same construction to 

oo 

C[Ov]q =^L{kAr. 

The multiplication maps 

C[Vm]+ ® C[Vk]- ^ C[Vu]q, 

n+ ®n,{vf ®n,{v)- ^n,{v) 

are isomorphisms of J/^g- module algebras. Here C[Vi]+ — is the subalgebra 
generated by F C V®V*, C[Vs]- = W the subalgebra generated by V* C V®V*, 
and the subalgebra generated by C. 



ON QUANTUM ORBIT METHOD 



7 



Note that €[0^]^ (resp. €[01/],") is the quantum analogue of the algebra of 
holomorphic (resp. anti-holomorphic) polynomial functions on the G-orbit of Cva 
where va C L{A) is a highest weight vector. At the same time, "H"*" = C[Vk] + 
(resp. Ti.^ — €[1^]^) is a quantum analogue of the algebra of holomorphic (resp. 
anti-holomorphic) polynomial functions on V ^ L{A). 

In the classical case (when q ~ 1) C[Ov]i is a quotient of C[y]i over the ideal 
generated by the Pliicker relations. A similar situation takes place in the quantum 
case. Namely, it was shown in that C[C'y]^ is a quotient of 7i+ by an ideal J+ 
generated by the subspace 

E+ = (ci^ - g4(A+P,A)) (i(A) ® L(A)) 

of quadratic relations called (holomorphic) quantum Pliicker relations. Here q^ is 
the canonical central element of UqQ defined in and p is the half of the sum of 
all positive roots of g. Similarly, we can get that C[Oy]~ is a quotient of 'H~ over 
an ideal J~ generated by the subspace 

El = (q^ - g4(A+P,A)) (i(A)* ® L(A)*) 

of what may be called anti-holomorphic quantum Pliicker relations. 

Define the [/^g-module algebra €[0^], as the quotient of H over the ideal J 
generated by all the quantum Pliicker relations in both J+ and . Instead of C 
introduce a new generator 



Now, if we take the quasi-classical limit q ^ 1, keeping c, not C constant, we will 
get a commutative Poisson algebra which is the algebra of homogeneous polyno- 
mials on a family of projective Poisson G-spaces with a homogeneous parameter c. 
Homogeneous, because z^'s, i^'s and c are defined up to a group of automorphisms 

Ka : Zi ^ azi, Ka '■ Zi 1-^ azi, Ka : c 1-^ |apc, (3.1) 

for any a € C Note that the same formulas define a group of automorphisms of 
the ?7g0-module algebra C[C'y]q in the quantum case. 

The above-mentioned projective G-spaces are the projectivizations of the G- 
orbits of the space Cv/^ of highest weight vectors. They are called generalized flag 
manifolds. They are of the form G/P, where P is the parabolic subgroup of G 
whose Lie algebra is generated by b+ = n+ f) and the root vectors such that 
(A, A) = 0. In particular, if A = p, we get flag manifolds themselves. If A is a 
fundamental weight, we get Grassmanians. This observation justifies the following 
definition. 

Definition 3.1. The JJ^g-module algebra C[C'\/]q is called the algebra of homoge- 
neous polynomial functions on a family of quantum generalized flag manifolds. 

Let Gc be the compact real form of G whose quantization yields UqQc, Go the 
non-compact real form whose quantization yields UqQo. It is easy to see that 

J« = J, J* = J. 

Therefore, €[0^], has canonical UqQc- and J/ggo-module *-algebra structures. 
The UqQc-uiodule *-algebra (C[Cy]5,tl) can be thought of as the quantum algebra 
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of homogeneous polynomials on a family of generalized flag manifolds of the form 
G/P considered as Poisson Gc-spaces. 

The C/g0o-module *-algebra [C[Ov]q, *) can be thought of as the quantum algebra 
of homogeneous polynomials on a family of corresponding symmetric Poisson Gq- 
spaces of non-compact type. As Go-spaces they are isomorphic to the Gg-orbit of 
the image of P C G in G/P with respect to the quotient map, where P is the same 
as above. 



Example 3.1. Return to Examples 2.1 and 2.2. In this case there are no Pliicker 



relations, so that the relations in C[Ov']5 look as follows: 

z^Zj = qZjZi, {i < j), ZiZj = q^^ZjZi, {i < j), 

ZiZj = qzjZi, {i ^ j), ZiZi - ZiZi = (q^^ - l) {J2k>i + qc) , 
ZiC = q^czi, ZiC = q^'^czi. 

The ?7qSu(t)-module *-algebra (C[Ov]g,ji) is the quantum algebra of homoge- 
neous polynomials on a family of quantum CP", while the C/qSu(t)-module *-algebra 
(C[Oy]g,*) is the quantum algebra of homogeneous polynomials on a family of 
quantum hyperboloids which posess a complex manifold structure (inherited from 
G/P). 

Remark 3. When Gc = SU{2), the family of quantum CP^ is nothing but the 
family of quantum Podles 2-spheres introduced in |]l2| . 

It is always nice to have a large commutative subalgebra. Let Uqi) be the Hopf 
subalgebra of UqSl{n + 1) generated by Ki,K~^, i = l,2,...,n. Consider the 
subalgebra C[Oy]^ C C[Ov]q of the J7,f)-invariant elements. Denote by C[Ovf^"' C 
the subalgebra of J7gg-invariant elements. 



Proposition 3.1. (1) The algebra C[Ov]q is commutative and generated by 



1 

Xi = ^ ZkZk + qc, z = 0, . . . , n -I- 1. 

k>i 

Moreover, the following relations hold: 

z^Xj = q^XjZi, {i < i), z^Xj ^ q^'^XjZi, {i < j), (3.2) 
ZiX.j^XjZi, {i>j), ZtXj=XjZi, (i>j). (3.3) 

(2) The algebra C[OvY^"^ is generated by 

c — q~^Xn+i and d — qxQ. 

Moreover, d belongs to the center of <C[Ov]q- 



The formulas (3.2)-(3.S) allow to extend €[0^], by adding functions of x 



(xo, xi, . . . , Xn+i) so that the following relations hold: 

Zif{x) = f{xo,. . . ,Xi,q^Xi+i, . . . ,q^Xn+i)zi, 

Zif{x) = f{xQ,...,Xi,q '^Xi-^-i, . . . ,q '^Xn+l)Zi 

We denote the extended algebra by Func{Ov)q- 



ON QUANTUM ORBIT METHOD 



9 



Proposition 3.2. The UqQc- and UqQo-module ^-algebra structures can he uniquely 
extended from C[Cy]q on Func{Ov)q- The action oJUqQ is given by 

fix) - TJjx) „ 
Ei : f{x) ^ — ^ z^-lZi, 

K,:f{x) ^ fix), 

where 

Ti : f{x) ^ f{xo, . . . ,Xi-i,q'^Xi,Xi+i, . . . ,a;„+i), 
with involutions given by 

f{x)^^fix), fix)* ^ fix). 

Example 3.2. When Gq = SUil, 1), one can modify our construction, so that we 
get more quantum SUil, l)-spaces. 

Recall that zq, zi, zq, z\ are the homogeneous coordinates and c a homogeneous 
parameter on a family of quantum SUiX, l)-spaces, and that they are defined up 
to the automorphisms Ka given by (3.1). 

Consider a subalgebra FunciX)q C FunciOv)q of Ka-invariant elements in 

FunciOv)q- Denote by FunciX)q the subalgebra in FunciOv)q of the elements 
which are invariant with respect to Kq, with \a\ — 1. 

Proposition 3.3. The UqSli2) -module algebra FunciX)q is generated by 
X = zizi +qc, y = ZqZi, y = ziZq 

with the relations 

Vf{^) - f{q^x)v, yfix) = fiq-^x)ij, (3.4) 
yy = -{q~^x - c)iq^^x ~ d), yy = -iqx - c)iqx - d), (3.5) 

while c and d belong to the center of FunciX)q. 



It turns out that, besides the involution * given in (2^), there exists yet an- 
other one which makes FunciX)q into a UqSuil, l)-module *-algebra. To keep the 

notation shorter, we will use the somewhat larger algebra FunciX)q. 

Proposition 3.4. There are two non- equivalent C/g5u(l, l)-module ^-algebra struc- 
tures on FunciX)q, one of them given by 

y* = — y, X* — X, c* — c, d* — d, (3.6) 
and the other one given by 

y* = -y, X* = x, c* = d. (3.7) 

In both cases we can define the C/q5u(l, l)-module H<-algebra FunciXca^do)q as 
the quotient of FunciX)q over the ideal generated by c — cq and d — do, where 
Co, rfo e M in the first case and cq £ C, cq — do in the secons case. 

It is clear that if co,do G M and cq ^ do, FunciXc„.do)q is a quantum algebra 
of functions on the two-sheet hyperboloid |yp — (.t — co)(a; — do)- If cq = do, 
FunciXc(y,do)q is a quantum algebra of functions on the cone given by the same 
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equation. Finally, if cq — (Iq^cq ^ do, Func{Xco^do)q is a quantum algebra of 
functions on the corresponding one-sheet hyperboloid. 

4. Quantum Moment Map 

Recall the definition of the classical moment map, generalized for the case when 
G is a Poisson Lie group with a non-trivial Poisson structure. Consider the cor- 
responding Lie bialgebra g and the dual Poisson Lie group G* which is defined as 
the connected and simply connected Poisson Lie group with the Lie bialgebra g*. 
For any ^ S 0, let be the left invariant differential 1-form on G* with a^{e) ~ 
The Poisson bivector field ttc- on G defines a map ttg' ■ (G*) Vect (G*). 

A vector field — frc'io^^) is called the left dressing vector field on G* cor- 
responding to ^ £ g. The left dressing vector fields define a local action of G on 
G* which is called the left dressing action. In some cases, for example, when G is 
compact, it can be extended to a global action. But in general, it need not be the 
case, as the example of G = SU{1, 1) already shows. 

Suppose now that M is a left Poisson G-manifold, that is, M is a Poisson man- 
ifold with the action of G on AI such that the corresponding map G x M — ^ M is 
a Poisson map. Let cr^ be the vector field corresponding to the infinitesimal action 
of ^ G g. Keeping in mind that the local dressing action in our examples will not 
always be integrable to a global action, we modify slightly the usual definition of 
the generalized moment map (cf. pO||) in order to apply it to our examples. 

Definition 4.1. Let M' be a union of symplectic leaves in M such that M' is a 
dense subset in A/. A map J : M' — > G* is called a moment map for M if 

a^-7rM(J*K)). (4.1) 



We see that Definition 4.1 means that J : M' G* intertwines locally the G- 
action on M with the dressing action of G on G*. When G is a Poisson ie group 
with the trivial Poisson structure, the dual Poisson Lie group G* is isomorphic to g* 
as a Poisson manifold and is Abelian as a group. The corresponding dressing action 
always extends to a global one which is nothing but the usual coadjoint action of 
G on g*. Thus, in this case for any Hamiltonian G-space M, there exists a moment 
map onto a coadjoin orbit in g*. 

On the quantum level, it would have been reasonable to look for a quantum 
moment map in the form Func (G*)^ — > Func{M)q. However, the Drinfeld's dualty 
tells us that the quantum enveloping algebra UqQ can be thought of as a quantum 
algebra of functions on G*. Indeed, we will obtain a quantum moment map in the 
form UqQ 1-^ Func{M)q. 

As is well known, the quasi-classical analogue of the quantum adjoin action of 
UqQ on itself given by 

adq{a) - h^Y^ a^^hs (a^^^) , whenever A(a) = ^ a^^^ ® 6^^^ 

k k (4.2) 

is nothing but the left dressing action of C/g on Func{G*). Also, it is well known 
that for any Hopf algebra A, the quantum adjoin action of A on itself equips A 
with an A-module algebra structure, or an A-module *-algebra structure if A is a 
Hopf *-algebra. 

This inspires the following definition, just slightly different from the one given 
in ||l^ (we do not have to worry about the equality M' = M). 
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Definition 4.2. (1) Given a [/gg-module algebra JT, a homomorphism J : UqQ — > J- 
is called a quantum moment map if J is a morphism of UqQ-moAv\e algebras, with 



UqQ acting on itself by means of the quantum adjoin action (4.2). 

(2) Given a J/gflo-module *-algeba Tq, a *-homomorphism Jo '■ UqQo is 
called a quantum moment map if Jq is a morphism of [/^go-module *-algebras, with 



UqQo acting on itself by means of the quantum adjoint action (4.2). 

We see that the quantum Heisenberg algebra H contains the subalgebras 7i+ 
and H~ generated by V and V* respectively. Of course, both are UqQ-modu\e 
subalgebras of H. Consider the subalgebra Hq generated by Ti.' and C. It has a 
one-dimensional representation x in given by 

Consider the corresponding induced 7i-module 

rig 

It is spanned by monomials of the form 

CC-«rix, (4.3) 
where Oj ^ V C 7i+ and 1;^ is a generator of C^^. Thus, we see that W is isomorphic 



to 7i~^ as a vector space, with a Z'^'^^-grading defined by (O). This equips W 



with a UqQ-module structure so that W is isomorphic to 7i+ as a C/^g-module. 

Proposition 4.1. (1) The TL-module W is simple and faithful. 

(2) The subalgebra H}'^'^ of the Uqt)-invariant elements in Ti is commutative. 
Moreover, any homogeneous monomial of the form ( |4.3| ) in W is an eigen-vector 
for the action of 7i'"^ . 



The statement (1) of Proposition 4.1 shows that Ti. is isomorphic to its image in 



End W . Also, there exists a basis in W (spanned by the monomials of the form 

f^vrv^\..v^-l^eW (4.4) 

which diagonalizes the action of TL™^ . This allows us to extend the algebra H. by 
the functions on the spectrum of H}™ in W . Denote the corresponding algebra by 
7Y. One can show that the J7qg-module algera structure can be extended from Ti 

to n. 

Obviously, Ti, is isomorphic to EndW as an algebra. On the other hand, UqQ 
acts in W . This induces a homomorphism J : UqQ — > 7i. It is clear that the image 
of UqQ lies in Func{X)q C H - the subalgebra of Ka-invariant elements in H. 

Theorem 4.1. (1) There exists a unique {up to a UqQ-module algebra automor- 
phism of UqQ) homomorphism 

J : UqQ — > Func{X)q 

such that the composition of J with the action of Func{X)q C Ti. in W coincides 
with the action of UqQ in W . 

(2) J is a morphism of UqQ-module algebras, with UqQ acting on itself via the 
quantum adjoin action. In other words, J is a quantum moment map for Func{X)q. 

Proof. The first statement has been proved above. To show that (2) holds, note that 
the image of UqQ in Ti. mus t pre serve the scalar degree m = \m\ = mo-\-mi-\-...-\-mn 
of a monomial of the form ( |4.3| ). Therefore, UqQ maps into the subalgebra generated 
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by the elements of the form ip^, where (p (resp. ip) belongs to the subalgebra of Ka- 
invariant elements in the extension 7Y+ (resp. H~) of (resp. H^) by H-j{VY™. 
In particular, Uqt) can be shown to be mapped into the subalgebra of Ka-invariant 
elements in H" 



JlllV 



Given a £ UqQ with A(a) = J2k ^i^"* ® S^t that 




Recalling that tp = ^ ^f, where / e H™^ , one can prove (2) after some short 
computations. □ 

Note that the moment map J for Func{X)q was obtained first as a homomor- 
phism from UqQ into the quantum Heisenberg algebra. Thus, we see another mani- 
festation of the Drinfeld's duality. In this case, the same map has two quasi-classical 
analogues. One of them is the homomorphism from the classical universal envelop- 
ing algebra to the Heisenberg algebra which corresponds to a realization of Uq by 
differential operators on a G-space. Another one is a moment map for a family of 
generalized flag manifolds. Let us look at a few examples. 

Example 4.1. In the context of Example |]^ (that is, when q — s[(n + 1) and V 
being the first fundamental representation), the map J of Theorem [f.l| is given by 



J--Ei ^ '-yZ^-iz,, (4.5) 

{Xi-iXi+i)2 

J:F, ^ ^ ^ZA-u (4.6) 

J:K, ^ (4.7) 

(Xi-lXi+l)2 

Moreover, given a Hopf *-algebra structure UqSu{L) on UqSl{n + 1) and the invo- 
lution (|]J) on Func{X)q, we see that J is in fact a morphism of [/qSu(t)-module 
*-algebras, thus defining a quantum moment map for the [/qSu(t)-module *-algebra 
Func{X)q. 

Note that the subalgebra Func{X)q of the Ka-invariant elements in H is isomor- 
phic to the quantum Weyl algebra constructed in [Q. Also, the quantum moment 
map J is equivalent to the quantum oscillator map from Uq5[{n -|- 1,C) into the 
quantum Weyl algebra constructed there. 

Remark 4. Of course, given any automorphism / of the J/^g-module algebra struc- 
ture on UqQ (defined by the quantum adjoint action), the map Jo/: UqQo — > 
Func{X)q yields another quantum moment map. In particular, in the above ex- 
ample the group of such automorphisms is generated modulo the center by the 
automorphisms given by 

h : Ej ^ {-l)^"Ej, h ■■ Fj ^ Fj, h ■■ Kj ^ {-if^'Kj. 

It is easy to see that the corresponding moment maps Ji — J o are given by 
the same formulas (ff.5D-(p?7|) except that we take another value of {xi-iXi+i)^ . 
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Example 4.2. Consider the case g = s[(2). Recall that in this case Func{X)q can 
be described in terms of the generators x, y, y as given in Proposition [3.3| . Then we 
have 

J:E ^ (4.8) 

(erf) 2 

J:F ^ ^ ^y, 4.9 

X 

J:K ^ 7^. (4.10) 

Moreover, given the Hopf ^-algebra ?7gSu(l,l), J is a morpism of C/qSu(l, 1)- 
module ^-algebras for any of the involutions * and ★ on Func{X)q defined by ( |3.6D 



and (3.7) respectively. Suppose that we fix c = cq and d = so that codo > 0. 
Then J is a quantum moment map for any of the quantum hyperboloids (or a 
quantum cone) XcqAq defined in the previous section. It is interesting to note that 
the quantum quadratic Casimir element 

1 
2 



Cq^]-{EF + FE)+ '^\^ {K-2 + K-') (4.11) 



J:C^—^(^ + ^-q-^-q]. (4.12) 



is mapped to 



[q^^ - q) Vc^o Co 

The quasi-classical analogue Jq of J imbeds a dense subset of the hyperboloid 
(or cone) \y\^ = {x — cq){x — do) (precisely, the one defined by a; ^ 0) into the 
dual Poisson Lie group SU{1, 1)*. The picture is as follows. One can show that 
SU{1, 1)* is isomorphic as a Lie group to the group of translations and dilations of 

a plane, or to the group of the matrices of the form ( ^ ) ' ^'^^'"^ t > and 

z G C. We can assume without loss of generality that Co^o = 1- Then, the piece of 
the manifold = {x — cq){x — do) with a; > maps into |zp — {t — co)(t — c?o), 
while the piece with a; < maps into |zp = (t + co)(i + do), which is nothing but 
the reflection 1 1-^ —t oi |zp — {t — co){t — do) with t < 0. 

Of course, these imbeddings preserve the symplectic leaves. Indeed, for the one- 
sheet hyperboloids, both pieces a; > and a; < are two-dimensional symplectic 
leaves, while any point of the circle a: = is a zero-dimensional symplectic leaf. For 
a twho-sheet hyperboloid with < co < do, the whole sheet a; > do is a symplectic 
leaf, and the two-dimensional pieces a; < and < a; < co of the other sheet are 
symplectic leaves as well, while any point of the circle a: = is a zero-dimensional 
symplectic leaf. Finally, for the cone with co = do = 1, the pieces with a; < 0, 

< a; < 1, and a; > 1 are symplectic leaves, as are the points on the circle a: = 
and the vertex of the cone - the unit element of the group. 

5. Quantum Polarizations 

In the previous section we constructed a quantum moment map J : UqQ — > 
Func{X)q. If we find now a way to construct an irreducible ^-representation tt of 
Func{X)q, the composition ttoJoI (for some C/qgo-module *-algebra automorphism 

1 of UqQo) will give us a ^-representation of UqQo- It will be irreducible, because 
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the image of J coincides with the subalgebra in Func{X)q of the elements invariant 
with respect to the automorphisms Kq. 

Recall that the classical orbit method constructs an irreducible representation 
of an algebra of functions on a Hamiltonian manifold in sections of a certain linear 
bundle with connection (whose curvature is equal to the symplectic form) which are 
constant along a given polarization. Our construction in the quantum case draws 
the ideas from that classical picture. 

We have constructed Func{X)q as the subalgebra in H which consists of the 
invariant elements. Recall that family of automorphisms parameterized by 



a non-zero complex number a (see (3.1)). If wc think of Func{X)q as an algebra 
of functions on a quantum space X, then H can be thought of as an algebra of 
functions on the total space of a linear bundle over X. 

Consider the subalgebra Hol{X)^ (resp. Hol{X)q ) of in Func{X)q generated by 
WfeW"^ (resp. VkV^), where are vectors of a J7gt)-invariant basis in V . We will see 
that in the examples it is going to play the role of the algebra of holomorphic (resp. 
anti-holomorphic) functions in the case of a complex polarization. The following 
proposition reflects the fact that we deal with a quantum analog of a G-invariant 
polarization. 

Proposition 5.1. Hol{X)^ is a UqQ-module subalgebra in Func[X)q. 



Example 5.1. Suppose that, as in Example 2.1, g ~ s[(n + 1,C) (equipped with 
the standard Lie bialgebra structure), and V is the highest weight C/qfl-module with 
the highest weight uji (the first fundamental weight). We keep the same notation 
as before. 

Then Hol{X)^ is generated by 



Ct = {i = 1,2, ...,n) 



with the relations 



00 = g^^OO, ifj=i±l, (5.1) 
00+1 = 0+1 0, ^otherwise. (5.2) 

Respectively, Hol{X)^ is generated by 

= (i = 1,2, ...,n) 

with the relations 

00 = g^^OO' if-? = *±l' (5-3) 
66+1 = 6+i6, otherwise. (5.4) 

It is easy to write down explicit formulas for the action of UqSl(n + 1,C) in 
Hol{X)^, but we will do it only in the special case of n = 1 (see below). 

Example 5.2. When n = 1, Hol{X)^ is generated by a single element 

C = z^^za = [qx ~ coT^y, (5.5) 

while Hol{X)^ is generated by 

C = ZqZ^^ = y{qx - co)"^ 
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The action of C/5S[(2, C) in Hol{X)+ is given by 

/(C) - / icq' 



E:f{0 ^ -qC 



2 . 



F : /(C) 



C-C?" 
/(C'7-')-/(C) 



(q-^ - C 
K:fiO ^ f{Cq-')- 



The action of UqSl{2, C) in Hol{X)^ is given by similar formulas. One can check 

± 

9 



that the center of C/gS[(2,C) acts trivially in Hol{X)^. 



Proposition 5.2. The UqSl{n+ 1, C)-module algebra Func{X)q is generated by 



C,i (i = l,2,...,7i), and the functions f{xi,X2,---,Xn) with the relations ( p.l| )-(5.4) 
and 

Ci/(xi, ...,2:„) = f (xi,...,Xi-i,q'^Xi,Xi+i,...,x„)Ci, (5.6) 

Qif ^n) — f (^Xi, .. Xi — i, q Xi, Xi-^^l, Xn) Ci> (^■'^) 

C.C. = , (5.8) 

x^-q ^Xi+i 

^ l^^^lzl^, (5.9) 

Xi XiJ^\ 

Recall that given a real form C/qSu(t) of Uq5i{n+\, C), the involution (p.4| ) equips 
Func{X)q with a U q5u{L) -module *-algebra structure. The involution ( |2.4D is given 
in the above generators by 

In the next section we will consider first the simplest case of C/g5u(l, 1) to il- 
lustrate the basic ideas. We will use them later to construct some irreducible 
^-representations of UqSu{L) which correspond to the dressing orbits of the mini- 
mal dimension. Let us describe, therefore, the relations in that special case more 
explicitly. 

Corollary 5.1. (1) For codo = 1, co,do G the UqSu{l,l) -module ^-algebra 
Func{Xco^do)q *s generated by (* , and the functions f{x) with the relations 

Qf{x)^ f{q^x)C, Cf{x)^f{q-^x)C, (5.10) 

CC* = ^^^, C*C=f5f|. (5.11) 

X — q ^Cq ' " 

In particular, the following relation holds: 

a>(CC*) = 'z'<i>(C*C), 

where 
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(2) For codo = 1, co,(io ^ the UqSu{l,l) -module *-algebra Func{Xco,do)q is 
generated by C,, C,, and the functions f{x) with the relations 

C,f{x)^ f{q^x)C, Cf{x) = f{q-^x)C, (5.13) 

CC = ^^^, CC = f5f|, (5.14) 
CC = cc = 1, cc = cc = 1. (5.15) 

In particular, the following relation holds: 

^ (cc) - g'* (cc) , 

where <i>(t) is given by ( |5.12| ). 

The algebras Hol{X)^ play the role of the algebras of functions which arc con- 
stant along a polarization. In particular, in the cases of rt > 1 and of co,do (zR 
(ti = 1) the corresponding polarization is complex, so that they are quantum analogs 
of the algebras of holomorphic and anti-holomorphic functions. For the quantum 
one-sheet hyperboloids co,do ^ M (n = 1), however, the polarization is real, and 
Hol{Xcg^do)^ are quantum analogs of the algebras of functions which are constant 
along the two families of straight lines on the corresponding one-sheet hyperboloids. 



6. Irreducible ^-Representations Of UqSu{l, 1) 

In this section we will construct irreducible *-representations of UqSu{l, 1) asso- 
ciated with the quantum space s Xc„ .do- We assume that codo = 1. 



As follows from ( 5.11 ) and ( 5.14 ), Func{Xcg^do)q is generated as algebra by C, 
C~^, and the functions f{x) (resp. by C*, (C*)~ ; and the functions f{x), or by C, 
C^, and fix)), since we see that, for instance, C* = £^2^(^-i, jn particular, we see 



that Func{Xc„^do)q is generated by two distinguished subalgebras - Hol{Xc„^do) 



± 



and FMnc(X,„,dJ™". 

In the classical case the orbit method realizes representations in sections of a 
linear bundle with connection whose curvature coincides with the symplectic form 
on the corresponding coadjoint orbit. This is a general fact that, given a symplectic 
form, if there exist any linear bundles with connection and that form as its cur- 
vature, they are parameterized by the local systems on the manifold. Below we 
give a construction of representations of J7gSu(l, 1). It will be shown in the section 
about the quasi-classical analogs that the character of the commutative subalgebra 
Fitnc(Xco,do)™'' - the one generated by the functions f[x) - plays the role of a 
local system on the corresponding symplectic leaf. 

Consider a *-homomorphism v : Func{Xco.do)''™ — > C of the form 

1/ : fix) ^ f{uo), where z^o e M \ {0}. 

It defines a one-dimensional Fwric(Xco.c;o)™"-inodule C^- Consider the induced 
Func{Xcn,dn)q-v[ioAvL\e 

— Ind^in^Cy, 

where we use a short notation F = Func(Xc„.do)q- 
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Proposition 6.1. The Func{Xca,do)q-'module li^ is isomorphic to Hol{Xca.da)^ 
as a Hol{Xc„,da)^ -module {with respect to the left multiplications). Moreover, the 
action of Func{Xcg^do)q *^ is given by 

(■■ficn. ^ c/(c)i., (6.1) 

x:/(C)l. ^ i^o/lCg"')!., (6.2) 
y: f{C)l^ h-> ^ — 1^, (6.3) 

y.fiQl^ ^ ^ ^ li., (6.4) 

when is realized as the span of monomials of the form C'^li^; where 1^ is a 
generator o/C^. Similar formulas hold in the case if we realize 11^ as the span of 
monomials of the form (C*)*^ li/ or C'^ljy. 



As we see from (2.2), the set of eigen- values of the action of x in IIj, is a part of 
the geometric progression 

Definition 6.1. Suppose that F is a *-algebra. 

(1) We call a F-modulc 11 unitarizable if there exists a positive definite Hermitian 
scalar product ( , ) in 11 such that 

{avi,V2) = {vi,a*V2) 

for any a € F and vi,V2 S 11. 

(2) Suppose that 11 is a unitarizable F-module. Consider the Hibert space H 
which is the completion of 11. We say that the action of F in 11 defines a *- 
representation tt of F in if the action of any element a e F in 11 can be extended 
to a closed operator 7r(a) in H. 



Theorem 6.1. (1) Let < cq < do {the case of the quantum two-sheet hyperboloids 
and the quantum cone). Suppose that neither X2 = qc^ nor = q~^dQ belongs to 
OJl^g . Then there exists a scalar product { , ) in making in into a simple 
unitarizable Func{Xcg.do)q-'^odule if and only if no point o/9Jly„ lies in the interval 
(gco, (/do). The corresponding scalar product in can be given by 

(/(C)i.,g(C)i.) = ^^(.g(C)7(C)), (6.5) 

where v is extended to Func{Xcg.da)q by v{C) — v [Cf") = 0. Moreover, the action of 
Func{Xcg,do)q III/ defines an irreducible * -representation of Func{Xca,da)q- The 
spectrum of the action of x in the corresponding Hilbert space is equal to U{0}. 

(2) Let Co = do ^ {the case of the quantum one-sheet hyperboloids) . Then there 
exists a scalar product { , ) in H i, making it into a unitarizable Func{Xc„^do)q- 
module. It can be given by ( |6.5[ ). Moreover, the action of Func{Xco.do)q 
defines an irreducible ^-representation of Func{Xco^do)q- The spectrum of the ac- 
tion of X in the corresponding Hilbert space is equal to 2Jl^(, U {0}. 

(3) Let < Co < do- Suppose that qco G OT^j, {resp. q^^dg G 2Hi/j,). Then there 
exists a scalar product { , ) in Hi, making it into a unitarizable Func{Xco.da)q- 
module. It can be given by ( |6.5[ ). Moreover, the action of Func{Xco,do)q ii^- 
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defines an irreducible * -representation of Func{Xco,do)q- The spectrum of the ac- 
tion of X in the corresponding Hilbert space is equal to 

2n+ = {cW+'}f=a U {0} fresp. = {d^q-^'^-^}f^^). 

Proof. It is easy to see that any monomial of the form (,^1^ € is an ei gen- vector 
for the action of x with the eigen- value VQq~^^ . At the same time (6.1)-( |6^ show 



that the set of eigen-values of x, being a part of the geometric progression OTl^p 
would truncate only if either qc^ or q~^do belong to OJlj^g. This follows also from 
( [3.5| ). Therefore, we need to show only the unitarizability of 11^. We need to remind 
some definitions. 

Definition 6.2. Suppose that A is a Hopf *=algebra, F an A-module ^-algebra. A 
linear functional f '—^ J fdfi defined on a linear subset Fq of F is called an invariant 
integral on F if the following properties are satisfied: 



afdn e{a) J fd^i, J f*dfi = J fdfi, 

/ y f* fd/j is a positive definite form on Fq, 

for any a £ A and f Fq, where e is the counit in A. 

The following lemma is well known. 

Lemma 6.1. Suppose that A is a Hopf ^-algebra, F an A-module ^-algebra with 
an invariant integral J dfi : Fq ^ C Consider the space L2{F, dfj,) consisting of all 
f £ F such that J f*fd^ < oo. Then L2{F,d^) is a Hilbert space with the scalar 
product given by 

if, 9)^ J 9*fdf^, (6.6) 

and the action of F in L^{F,d^) by left multiplication defines a * -representation of 
F. 

Proposition 6.2. Under the assumptions of Theorem \6. j| (l)-(2), the linear func- 
tional 

is an invariant integral on Func{Xcg^do)q- Similarly, under the assumptions of 



Theorem 6.1 (3), the linear functional 



is an invariant integral on Func{Xcg^do)q 



Proof. This follows from the fact that J {qP) — J{K) = x, where p G UqQ is the 
half of the sum of all positive roots. But it can also be checked by a straightforward 
computation. □ 



Now we can prove Theorem |6.l| . We realize Hi, as a subspace in Func{Xco,do)q 
by mapping li, into the function S,^^ which takes the value 1 at vq € DJlu^ and at 
any other point of DJl„g . It is easy to see that this map intertwines the action of 
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Func{Xco^do)q ill Iliy and itself by left multiplications. By Lemma 6.1, ( |6.6|) defines 
a ^-representation of Func{Xco,do)q in when J dfi is of the form (|6.7|)-(6 



Obviously, this representation is irreducible, since the module liy is simple. On the 



other hand, (5.11) forbids any point from the spectrum of x to lie in the interval 



(qco^qdo). □ 

The full list of irreducible ^-representations of C/gSu(l, 1) was described in a 
number of papers (cf. Jll| , They are parameterized by the spin I S C and 
the parity |e| < ^. The corresponding representations Tj g are subjects to the 
symmetries 

log g ' 

They are divided into the following series: 

1. principal continuous series: I = —^+ip, 

2. complimentary series: I G (— ^,0), |e| < \l\, 

3. holomorphic discrete series: / — e G Z, 

4. anti-holomorphic discrete series: / + e e Z, 

5. strange series: Iml = 

The can be distinguished by the action of the quantum quadratic Casimir element 



(4.11) as — £ind by the fact that any eigen-value of K in Tj.c is of 



the form q^^'^ . 

Note that the strange series does not survive in the classical limit. We will see 
later how it manifests itself in the language of the symplectic leaves in SU{1, 1)*. 

Theorem 6.2. Given an irreducible ^-representatiomi of FUnc{Xc„^da)q! tto J is 
an irreducible * -representation o/ [/gSu(l, 1). 



(1) The irreducible * -representations described in Theorem 6J_ (1) give rise to 
the complimentary series representations if i>q > and the strange series represen- 
tations if < 0. 



(2) The irreducible * -representations described in Theorem 6.1 (2) give rise to 
the principal continuous series representations. 



(3) The irreducible * -representations described in Theorem 6.1 (3) give rise to 
the holomorphic discrete series representations if they correspond to 971+ and the 
anti-holomorphic discrete series representations if they correspond to 9Jl_ . 



Proof. The theorem follows immediately from (4.12) if we assume cq = q'+a and 
do = (/^'^^ and from (4.10), since any eigen-value of K will be an eigen-value of 



X. □ 

Note that the principal continuous series representations correspond to the sym- 
plectic leaves that are the halves (x > and a; < 0) of the one-sheet hyperboloids 



^co,do as described in Example 4.2. The holomorphic discrete series representations 
and the strange series representations correspond to the halves (x < and < a; < 
Co) of a sheet of the corresponding two-sheet hyperboloids \y\^ = [x — ca){x — d^) , 
while the anti-holomorphic series representations correspond to the other sheet of 
the two-sheet hyperboloid. 

What is especially interesting is that the complimentary series representations 
correspond to the case when a geometric progression OJIj^q can jump over the nar- 
row interval {qco,qdo). It looks as if in the quantum case the invariant measure 
can be extended from one sheet of a quantum two-sheet hyperboloid onto another 
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one, thus making it 'connected'. We will call such quantum hyperboloids quantum 
tunnel hyperboloids. This effect disappears in the classical limit. In particular, it 
is interesting to compare it with the fact that the classical orbit method fails to 
realize the complimentary series representations. 

As we pass to the quasi-classical limit, we see that the choice of a geometric 
progression reflects the value of the parity e of the corresponding irreducible *- 
representation of UqSu{l,l). Therefore, we can think of the choice of as the 
choice of a local system on the corresponding symplectic leaf in SU (1, 1)*. However, 
with the 'tunnel effect' in mind, we see that certain choices of C,^ may not have any 
local system as their quasi-classical analogs. 

On the other hand, the observed correspondence between the symplectic leaves 
in SU{1,1)* and the representations of t7qSu(l,l) depends on g, as ^ = (7^'+^. 
As we keep the spin I of the representation fixed and take the limit q ^ 1, the 
corresponding symplectic leaves face two options. Those which give rise to the 
strange series representations will go to infinity (thus, there are no strange series 
representations in the classical case). The other ones will tend to the nilpotent cone 
= (a; — 1)^. If we consider them as points in the corresponding orbifold, we can 
look at the rate with which the corresponding curve in the orbifold tends to the 
cone. It will be an orbit of the coadjoint action in su(l, 1)*. 

This gives us the usual correspondence between the representations and coadjoint 
orbits described by the classicaal orbit method. Except that the 'tunnel effect' will 
disappear, and so will the above geometric realization of the complimentary series 
representations. 



7. Degenerate Series Of Irreducible ^-Representations 

Consider the quantum moment map J : UqQ — > Func{X)q. If we find now a 
way to construct an irreducible *-representation tt of Func{X)q, the composition 
TT o J o I (for some [/g0o-module *-algebra automorphism / of UqQo) will give us a 
^-representation of UqQQ. It will be irreducible, because the image of J coincides 
with the subalgebra in Func{X)q of the elements invariant with respect to the 
automorphisms Kq. 

Throughout the section we consider the case UqQo = ?7gSu(t). We proceed in a 
similar way as we did when UqQ^ = UqSu{l, 1). Namely, consider a one-dimensional 
^-representation x : FunciXYg"" of Func{X)'^'" . Recall that Func{X)\"'' 

is commutative and generated by xq = q^^d,xi, ...,Xn,Xn+i — qc. Since x* — Xi, 
we can think of x as a triple (co,do,x)j where cq — x(c), do — x{d), and x ~ 
{x{xi),...,x(xn)) the point in R". 

Since invertible in Func{X)q, xi^i) 7^ for any i = If 

x{xi) < 0, we can choose the J7gSu(t)-module *-algebra automorphism / so that, 
after replacing x by X°-^j it becomes positive (see Remark^). Thus, without losing 
generality, we may assume that xi^i) > for any i = 1, n. 

Consider an isomorphism of vector spaces K" ^ f)* such that 

(Ai, A„) 1-^ Xiai + ... + A„a„, 

where ai, ...,«„ are the positive simple roots. Thus, we can think of x as a point 
in q^ , so that x = q", where a £ f)*. 
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Proposition 7.1. The induced Func{X)q-module 

t unc{X )g 

is isomorphic to Hol[X)^ as a Hol{X)^ -module. 



The following proposition follows immediately from Proposition 7.1 and ( |5.6| )- 

Proposition 7.2. W is spanned by the common eigen-vectors of xi, ...,a;„, the set 
Q of the corresponding eigen-values forming a part of the lattice q^~^'^ C g'' , where 
P C f)* is the weight lattice. 



Let V & W he such an eigen-vactor, with the eigen-value (Ai, ...A„). By ( |5.8| )- 
it follows that 

^ ^* Ai_i — Ai ,'■7 1 \ 

CiCi : V ^ H- V, 7.1 

Ai - g ^Ai+i 

CG:^' ^ t,— V. (7.2) 

M ~ Ai+i 

Proposition 7.3. The linear functional 

i^w{f)^iyw{f{JoI){qP)), (7.3) 

where p is half the sum of all positive roots, is an invariant integral on Func{X)q. 

Proof. This easily follows from the fact that J o / is a quantum moment map and, 
thus, intertwines the C/g5u(/.)-action on Func{X)q with its quantum adjoint action 
on itself, and from the well-known properties of the distinguished element p. □ 



Theorem 7.1. Let n be the representation of Func{X)q in W , and a UqSu{L)- 
module ^-algebra automorphism I of UqBu{i) is chosen so that xi^i) > for any 
i = 1, 71. Then t: o J o I is an irreducible ^-representation of UqSu{L) if and only 

Ai—i — Ai 



Xi - q 

q^h- 



-2A,+i 
1 — Ai 



for any z = 1, 



Ai — Ai+i 
,n and (Ai,...,A„) G Q. 



> 0, 



> 



(7.4) 
(7.5) 



Proof. It is clear from ( [7.lD -([7^) that if the conditions (7.4)-(7.5) are not satisfied, 
there is no scalar product on W that can make it into a unitarizable J7gSu(/.)-module. 
Suppose that the conditions ([7.4[)-([7^) are satisfied. By Proposition 



7.1 



we can 

identify W with a subspace in Func{X)q generated over Hol{X)^ by a function 
Sy^ € Func{XYq'" that takes the value 1 at x and at any other point in Q. The 
invariant integral (7^) defines a scalar product on W by (/, .g) — vw{g*f). It is 
clear that it defines an irreducible ^-representation of Func{X)q and, hence, of 
UqSu{L), in W. □ 
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Example 7.1. Let UqQo ~ C/qSu(2,l), so that ii = —1 and L2 — 1- Then the 



conditions (7.4)-(7.5) imply that either 

Ai > q-^do, Ai > q-^X2 > qco (7.6) 

or 

Ai < q-'do, Ai < q-^X2 < qco. (7.7) 

It is clear that the lattice {(Aiq'^, A2g™)}^^^_oo niust be truncated in both 
horizontal and vertical directions. It is possible only if either Q or annihilate 
a common eigen- vector of xi and X2. It means that its ei gen- value {11 1,112) must 



belong to the boundary of the region described by either (7.6) or (7.7). Then, if 
{fiiq^^ , ^2) is no longer in the union of both regions, ^1 annihilates the vector, if 
(/iig^, ^2) is not in the union of the two regions, (,1 does, and similarly for ^2 with 

It is straightforward to check that only in three cases we get irreducible *- 
irreducible representations of UqSu{2, 1). Namely, 

1. when do < q^^CQ, Xi = q^^do, and A2 — qco, we get a highest weight rep- 
resentation, and all the eigen- values of xi,X2 lie in the region described by 



(7.7). It belongs to the degenerate holomorphic discrete series. 



when do > q ^cq, Xi = q ^do, and A2 — qco, we get a lowest weight represen- 



tation, and all the eigen-values of xi,X2 lie in the region described by (7.6). 

It belongs to the degenerate anti-holomorphic discrete series. 

when 1 < < _ ^^^^ g^j^j such that (Ai,A2) belongs to the 



region described by (7.6), while (Ai^^, A2) belongs to the region described by 
(7.7). It belongs to the degenerate complimentary series. 
Again, we observe the same 'tunnel effect' that the complimentary series repre- 
sentations arise in a situation when the set Q of the eigen-values of Func{Xy™ can 
'jump' from the set that corresponds to the holomorphic discrete series representa- 
tions onto another one that corresponds to the anti-holomorphic ones. In fact, it is 



clear that the regions described by (7.6) and ( [T/T] ) are nothing but the projections 



on T* C SU(2, 1)* of the symplectic leaves of the minimal non-zero dimension. 

8. Appendix: Holomorphic Realization Of Some Representations Of 

t/,5u(l, 1) 

Using the quantum polarizations described above, one can obtain realizations of 
the discrete series representations and some of the strange series representations of 
C/qSu(l, 1) in spaces of holomorphic functions. First it was done in |Q. 

The following propositions are results of straightforward computations. 

Proposition 8.1. (1) For any discrete series representation T^^ of highest weight 
[where I < — ^), there exists a vector-function 0-|_(A), holomorphic in the unit disc 
\X\ < 1 and taking values in the space of Tj^^, such that 

ce+(A) = Ae+(A) 

and the scalar product of two such functions is equal to 

(9+(A),e+(M))^ \ , 
(AAi;r)-2i 

where {a;t)a = (It^*!^^ and {a;t)^ = nfclo(l ~ "^'')- 
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(2) For any strange series representation , \„i ^, where 2a + 1 G N, there 

log q ' 

exists a vector-function 6(A), holomorphic in the annulus g^a+i ^ |^| <^ ^ and 
taking values in the space of the representation, such that 

Ce(A) = Ae(A) 

and the scalar product of two such functions is equal to 

w/iere 

is t/ie Ramanujan's psi-function. 



Consider the map from the space of T^^ into the space of functions holomorphic 
in the unit disc given by 

0+:/^(/,e+(A)). 

Similarly, consider the map from the space of T , 27ri into the space of functions 

^ log g ' 

holomorphic in the annulus q^Q+i < |A| < 1 given by 

0:/^(/,e(A)). 

Thus, we get an action of C/gSu(l, 1) on the functions holomorphic in the respec- 
tive domain. It is given by g-difference operators. The precise formulas are given 
m§. 

Now we are looking for a measure in the respective domain that establishes an 
isomorphism between the corresponding Hilbert spaces - the space of the represen- 
tation and the space of holomorphic functions. 

Proposition 8.2. (1) Consider the measure dv^^ on the unit disc given by 

('„2(fe+l). „2\ 



fc=0 



when Z < — i and by 



di^_i ^ — S\x\^idXdX 



when I = — ^, where S^x\=t the S-function on a circle |A| = t. Then 6^ becomes 
an isomorphism between the space of T^^ and the Hilbert space of functions in the 
unit disc with the measure df^^ that are holomorphic in the interior of the unit disc 
and continuous in its closure. 

(2) Consider the measure dv^ . 2„i ^, where 2q! + 1 G N, on the annulus q^a+i <; 

log q ' 

|A| < 1 given by 

/'„-2(2a-|-l). „2^ 

Then becomes an isomorphism between the space of T^,2wi_ ^ and the Hilbert 

log q ' 

space of the functions in the above annulus with the measure d/ip. i 2-^1 ^ that are 

log q ' 

holomorphic in the interior of the annulus and continuous in it closure. 
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Thus, we obtain the reahzations of the holomorphic discrete series representa- 
tions in the holomorphic functions in the unit disc. And the realization of some 
strange series representations in the holomorphic functions in an annulus. Similarly, 
one can obtain a realization of the anti-holomorphic discrete series representations 
in the anti-holomorphic functions in the unit disc (or in the holomorphic functions 
in the domain outside the unit disc). 
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